We propose a fully ab initio method, the opposing crystal potential (OCP), to calculate the crystal field parameters of transition metal impurities in insulator hosts. Through constrained density functional calculations, OCP obtains the constraining Lagrange multipliers, which act as cancellation potential against the crystal field and lead to spherical d-electron distribution. The method is applied to several insulators doped with Mn 4+ and Mn 2+ ions and shown to be in good agreement with experiment.
8-10
The semi-empirical Exchange Charge Model (ECM) 11 has been successfully applied to transition metal ions in optical materials to calculate the crystal field parameters (CFP). 
23-25
In their approach the f -electrons were treated as core electrons in DFT calculations and correlation effects were considered by introducing an adjustable parameter. 
where |m designates atomic orbitals (e.g. Y Consider a transition-metal ion in a host material. The total energy of the entire system
where n is the on-site density matrix of d electrons
projected from the Kohn-Sham states ψ 
where the first term represents the desired crystal field potential, and the second term represents on-site contributions.
Our OCP method attempts to calculate V mm with Eq. (4) enforcing a spherical charge distribution n 0 mm =nδ mm wheren = Trn/(4l + 2) is the average occupancy. Since any physical E ee is rotationally invariant, the second term in Eq. (4) must be spherical
Therefore OCP has the advantage of having no explicit dependence on the on-site correlation treatment, as long as a rotationally invariant E ee is used. To be specific, we propose a constrained, non-spin-polarized DFT calculation,
by introducing Lagrange multipliers λ mm for the constraints and minimizing without constraint
The multiplier matrix λ then corresponds to the chemical potential in Eq. (4) under a spherical d-shell and coincides with the V matrix other than a trivial scalar shift that may be absorbed into B 0 0 :
The procedures follow the Lagrange multiplier method
• Determine the average occupancyn by normal DFT. Initialize n 0 =n1, step size µ,
2. At fixed λ (k) , perform (unconstrained) self-consistent DFT minimization with a non-local constraint potential:
The above acts to oppose the potential due to the crystal environment. When converged, it cancels the aspherical components of the crystal potential and yields an evenly occupied d/f -shell, i.e. a spherical distribution.
4. If n − n0 is sufficiently small, break.
Finally, we invert linear equation (1) to obtain CFPs
Note that for a given l shell, there are 
In this work, we use experimental values for the cell metric. One transition metal ion is embedded in a supercell of about 70-120 atoms. We use the Perdew-Becke-Ernzerhof (PBE) 27 parametrization of GGA for the OCP calculations, projector augmented-wave (PAW) potentials, 28 and no symmetry constraints as implemented in the VASP package.
29
Brillouin zone integration was carried out on k-point meshes of at least 2 × 2 × 2 with Gaussian broadening of width 0.05 eV. Unless otherwise specified, all internal coordinates of the supercells were relaxed using GGA+U to better treat possible Jahn-Teller structural distortions. We chose atomic basis functions |m represented by normalized, real-valued spherical harmonics 21 and ignored spin-orbit coupling so that all matrices V , λ and M are real.
III. RESULTS
First we study octahedrally coordinated Mn 4+ used in red phosphors, in which Mn
has a 4 A 2g ground state configuration. Depending on the competition between crystal field and Coulomb repulsion, the first excited state is either 3 T 2 or 2 E g . The red luminescence is ascribed to the 2 E g → 4 A 2g + hν emission, which is mainly controlled by the free-ion parameters and insensitive of CFPs. Given the high effective positive charge and small ionic radius of Mn 4+ , large CFPs are expected. Fig. 1 shows the convergence of our method applied to perovskite SrTiO 3 :Mn, a rareearth-free phosphor material. 30 Given the m3m point group of the substitutional tetravalent site (Ti 4+ ), a crystal field of cubic symmetry for the Mn 4+ ion is expected. The multipliers λ indeed become triply degenerate λ(t 2g ) and doubly-degenerate λ(e g ), while the occupancies start with n(t 2g ) > n(e g ) and gradually converge towards a uniformn, which was set to 0.477 according to initial structurally relaxed GGA+U calculations. Upon convergence, the added potential ∆V cs in Eq. 6 reaches a splitting λ(e g ) − λn(t 2g ) = 2.386 eV and effectively cancels out the crystal field potential on the transition metal ion, leading to overall equal occupancy. Comparing results using step sizes µ=3 eV (solid curves) and 2 eV (dashed), µ is found to affect only the convergence speed, not the final results.
To shed light on the effects of our approach on the electronic structure of SrTiO 3 :Mn, actions give rise to a charge-transfer band gap and sizable exchange splitting with the Mn 4+ ion in the t 3 2g majority high-spin configuration. The p-d hybridization leads to broad bands with d characters, broader for e g with stronger hybridization than t 2g . In the minority spin channel, both empty t 2g and e g bands are so wide due to hybridization that they lie in approximate the same energy range above the Fermi level, in contradiction to the conventional crystal field picture of clear-cut t 2g -e g splitting. Therefore it is infeasible to assign specific energies to these crystal field levels and extract CFPs from Kohn-Sham eigen-energies. Fig. 2b shows the results from constrained non-spin polarized PBE calculations, where all five 3d orbitals, including t 2g and e g , become equally occupied as the crystal potential is effectively canceled by the applied potential −λ in Eq. 6. Note that the five 3d states are not degenerate but spread out, since in a crystal they contribute to p-d bands, not five flat levels. For example, the bonding p-e g bands are well below the Fermi level (< −6 eV) whereas the anti-bonding p-e g bands are near the Fermi level. Our method makes use of well-defined occupancies, not ill-defined CF energy levels. The constrained calculation in Fig. 2b leads to metallic electronic structure as an artifact of the GGA functional used. all cases 10Dq increases when one allows for ionic relaxation using GGA+U with decreased Mn-O bond length of 1.906Å from 1.949Å in the unperturbed host. The PBE prediction of 10Dq of the relaxed structure is about 6% larger than the value 2.25 eV fitted to experimental spectra. The LDA results are almost the same as PBE. A direct comparison of theory to experimental d 3 energy levels requires free-ion parameters (e.g. Racah parameters) in addition to CFPs and is not attempted in this work.
Further tests on several insulators with Mn 4+ substitution on tetravalent cation sites are shown in for both kinds of Si sites: the 1a sites with point group D 3 , and 2d sites with C 3 . In the relaxed configurations, Mn 4+ is more stable on the C 3 sites by 0.06 eV than on the former. Compared to its tetravalent counterpart, the Mn 2+ ion is characterized by a wide range (∼500-700 nm) of luminescence color, tunable by the crystal field and crystal structure (green in tetrahedral sites, orange/red in octahedral sites). [34] [35] [36] 
IV. SUMMARY
Let's revisit the challenges of CFP calculations with DFT outlined earlier and summarize our treatment:
1. Charge self-consistency. Our OCP method is carried out fully self-consistently without 2. On-site correlation effects. Our approach does not explicitly depend on and to a large extent circumvents the complication of on-site correlation for d or f -electrons, since any physical exchange-correlation yields a uniform potential shift in our method that gets absorbed into the spherical part (B 0 0 ) of the crystal field. We were able to use local approximations (LDA, GGA) in this work, despite the expected deficiency of GGA for strongly correlated materials. Use of more advanced methods may potentially mildly improve the results.
3. Primarily for d-electrons, the difficulty in identifying d bands due to strong d-p hybridization. Our method relies on the projected on-site occupancy, which are always well-defined, and does not suffer from the ill-defined assignment of broad energy bands to local d-states.
Our method for CFPs assumes a spherical d/f -electron charge distribution, which remains reasonable as long as the charge distribution of the host marial is not significantly altered.
For 3d ions, the d-electrons are relatively localized and we expect this assumption to be valid.
In systems with strong d-p hybridization and more delocalized d-electrons, this assumption needs to be reassessed. However, in those cases the whole notion of the crystal field models is questionable and may have to be replaced by more elaborate theory anyway.
In summary, we developed a parameter-free ab initio method, the opposing crystal potential, for crystal field calculation based on constrained DFT, with crystal field parameters extracted from the constraining Lagrange multipliers, which effectively oppose the crystal field potential and yield spherical d/f -electron distribution. 
